This article presents the general system of differential equations that governs the behaviour of a curved beam, which can be solved by either numerical or analytical methods. The obtained solution represents the matricial expression of transference. The stiffness matrix is derived directly rearranging the transfer matrix. Through twelve equations are shown the elastic conditions of the support in both ends of the curved piece. By joining the twelve equations of the stiffness matrix expression with the twelve equations of support conditions, we determined a unique system of equations associated to the curved beam with elastic supports. Establishing the elastic conditions has always been a problem, since previous traditional models do not look at the whole system, of twenty four equations, with all the unknowns and all the functions. Two examples of pieces with elastic supports are developed to show the applicability of the proposed method.
INTRODUCTION
In order to solve the problem of a system of linear ordinary differential equations with boundary conditions, numerical and analytic strategies were used. Approximate procedures [1] have been used since and exact analytical solution is normally very difficult to obtain. Some examples of numerical methods to solve these boundary value problems are: the Finite Differences [2] , Boundary Element [3] , Finite Element [4] , Shooting method [5] and Differential Quadrature methods [6] . There is extensive literature on modelling arbitrary curved beam elements [7] [8] [9] [10] [11] . Conventionally, the laws governing the mechanical behaviour of a curved warped beam (applying the Euler-Bernoulli and Timoshenko theories) are defined by static equilibrium and kinematics [12] [13] or dynamic motion equations [14] . A few authors present this definition with compact energy equations [15] [16] [17] . These interpretations have allowed reaching accurate results for some types of beams: for instance, a circular arch element loaded in plane [18] [19] [20] [21] [22] and loaded perpendicular to its plane [23] , elliptical and parabolic beams loaded in plane [24] [25] [26] [27] or a helix uniformly loaded [28] . This paper presents the general formulation of a curved beam [29] , which is solved by an analytical procedure or by a numerical procedure called Finite Transfer Method [30] . The two ends of a curved beam are connected through the expression obtained using any of the previous procedures, analytic or numeric. An algebraic equation system of dimension p is obtained. The formulation of the problem is completed when the p elastic supports conditions are incorporated. Then a final algebraic system of 2p order is solved. The values at any point of the domain can be determined, once the values at the initial point are known. Two examples are given to show the procedure exposed that is good in the practice.
FORMULATION AND SOLUTION OF THE CURVED BEAM
A curved beam is formed by a plane cross section, whose centroid sweeps through all the points of an axis curve. The vector radius expresses the curved line:
( ) s = r r (1) where s is the independent variable (arc length of the centroid line). Its unit vectors tangent t(s), normal n(s) and binormal b(s) are: (2) where D = d/ds is the derivative with respect to the variable s.
The natural equations of the centroid line [31] are expressed by the flexion and torsion curvatures: The Frenet-Serret frame P tnb (Fig. 1) is the reference coordinate system used here to represent the intervening known and unknown functions of the problem.
Formulation: Differential System
When we assume the habitual hypotheses and principles, Euler-Bernoulli and Timoshenko classical beam theories [12, 32] , and consider the stresses associated with the normal cross-section σ, τ n , τ b the geometric characteristics of the section are: shearing coefficients α n , α nb , α b , area A and moments of inertia I t , I n , I b , I nb . Transversal G and longitudinal E elasticity moduli provide the elastic properties of the material.
The system of differential equations governing the structural behaviour of a spatially curved beam can be obtained by applying kinematics and equilibrium laws to an infinitesimal element of the curve [29, 33] :
Load forces-moments
The kinematics equations are represented by the last six rows of the differential system, Eq. (4). The functions involved in the kinematics equations are ( Fig. 1 ):
Rotations and displacements
Load rotation-displacement
The differential system, Eq. (4) may also be expressed in the vector-matrix form as follows: (9) where, e(s) is the state vector of internal forces and deflections at a point s of the beam element, which is named Effect at the Section 
In this last expression, the matrices that are involved are:
of moments produced by forces and displacements produced by rotations (15) and displacements produced by forces
An alternate approach expressed in the global Cartesian coordinate system is given by [33] .
Analytical Solution
The exact analytical solution of the system expressed in Eq. (9) is given by [30] : (20) where [ ] II  II  V  M  I  I  I II  θ  θ  θ  II  II  II  V  M  θ  I  I  I   δ  δ  δ  δ  II  II  II  II  V  M  θ  δ  I  I  I  I   T  0 0 0 
Numerical Solution
The numerical solution to Eq. (9) using the finite transfer method [34] is expressed by the next equation: 
Assuming the next approximations: ds s ≅ ∆ and ( ) ( )
When we establish n intervals, both end points I and II of the curved line can be related: 
Stiffness Matrix
Rearranging the terms of the transfer equation (Eq. (20) or Eq. (24)) as was presented in [35] , the stiffness matrix expression is obtained: II  II  V  M  I  I  I   θ  θ  II  II  II  V  M  I  I  II  δ  δ  II  II  V  M  I  I   I   I  θ II  θ I  II   δ  δ  II  II  II  δ  θ  I  I   T (25) where f and δ vectors of reactions and displacements unknowns at both ends, δ  θ  I  I  II  II  V  V  V  V  I  I  I  I   δ  θ  δ  θ  I  I  II  II  M  M  M  M  I  I  I  I   δ  θ  δ  θ  I  I  II  II  V  V  V  V  II  II  II  II   δ  θ  δ  θ  I  I  II  II  M  M  M  M  II  II  II  II 
and qK the Equivalent Load Vector θ  δ  I,II  I,II  I,II  I,II,q ,q ,q (27) Note that, generally, the isolated beam has not been supported yet, therefore there are twenty four unknowns: twelve of forces and moments and the other twelve of rotations and displacements:
It is very practical to write the whole algebraic system with all the intervening unknowns in a single vector in this form since it will be easier to implement the elastic conditions, as will be presented later.
ELASTIC SUPPORT EQUATIONS
In this section the equations concerning elastic supports are developed. First, the equations associated to the initial support are formulated and then the equations of the final support.
Initial Support
Compatibility and equilibrium relations applied in displacements and forces at the elastic initial support end of the beam:
where
is the matrix of the displacements factors of restraints at the elastic support in the initial point (32) and j i δ is the Kronecker's delta.
When the support has a rigidity that restrains the longitudinal displacement V t t K δ I its factor can be determined by the next expression:
The rest of α factors can be obtained in the same way.
The rotation for the elastic support relation at the initial point may be noted as: 
Final Support
Similarly, extreme elastic conditions can be derivate for the final end of the spatially curved beam. First, on displacements and forces: II  II  II  II  II  II  II  V  V  V  II  II  II   I 
is the matrix of the displacement factors of restraints at the elastic support in the final point II  II  II  II  II  II  II  M  M  M  II  II 
As shown in section 2.4, where the stiffness matrix was developed and demonstrated in a special way, it is crucial to write the whole algebraic system with all the intervening unknowns in a single vector, because it will be solved with one single stage without adding sophisticated and artificial procedures. This method is easier and more flexible in order to implement the elastic conditions, and has several advantages comparing to other methods used.
CURVED BEAM'S FULL SYSTEM OF EQUATIONS
Equation Eq. (25) cosiders twelve algebraic equations, which relate displacements and reactions in both ends of the beam. The other twelve equations that are necessary to solve the problem are provided by the elastic condition of the support in Eq. (46). As above mentioned, we may now directly aggregate the expressions derived Eq. (28) and Eq. (50) to obtain the most general system, complete with the twenty four equations, which are noted as follows:
Notwithstanding the singularity of the stiffness matrix, thus with no inverse, if the structure is stable, a solution is always presented because it is a compatibility determinated system.
EXAMPLES
This section presents two examples to show that this method can approach the calculus of different problems of curved beam with elastic supports. The first case is solved by the analytical procedure and the second by the numerical aforementioned method.
Traction-Compression Bar
The first analysed example is the case of a bar under traction-compression effect. The example is considered to be adequate to show the analytic procedure developed in the article.
Let us take a straight beam with uniform force load and elastic support, as shown in Fig. 2 (it is considered to be of constant section and same material). 
Circular Helix with Variable Cross-Section
We present the second example of a helical staircase with a variable circular cross-section, shown in Fig. 4 , with a fixed support condition in its basis and free in its upper end.
Figure 4 Helical piece with variable circular cross-section
The example is considered to be adequate to show the numerical procedure developed in the article.
The circular helix, piece that represents the staircase, has a ratio in the basis of R = 100 cm, a height of H = 300 cm and a total angle rotated of λ f = π rad. The crosssection is variable and circular through the axis-line of the helix, of initial ratio rI = 10 cm and final ratio rII = 5 cm. Shearing coefficients are α n = 1.33, α nb = 0 and α b = 1.33. The material of the helical piece is the same through the axis-line (steel), with longitudinal elastic E = 206.01 kN/mm 2 and transversal elastic G = 79.23 kN/mm 2 moduli. The surface load action that is applied in all the length of the stair d = 100 cm is due to its own weight and its use, considered κ z = 8 kN/m 2 .
This surface load creates two types of actions through the helix axis-line that referred to the general system, which are:
Force action In this case, the fixed support is in the basis and the upper end can change from hinged (α = 1) to free (α = 0). This condition is noted as: In the same manner, Fig. 6 shows the rotations and displacements for the same values of α, used formerly in the helical piece. 
CONCLUSIONS
Establishing the elastic conditions has always been a complicated problem, because usual and traditional models do not contemplate the system with all the functions and all the unknowns. Two examples show good results in practice. This article presents the general system of differential equations that governs the behaviour of a spatially curved beam Eq. (9). This system can be solved by either a numerical or analytical method. The authors present a new numerical process, the Finite Transfer Method, in order to solve a linear system of ordinary differential equations. The way to apply general boundary conditions is presented. It is demonstrated that in the limit, the numerical solution coincides with the exact analytical solution. The Finite Transfer Method seems to be suitable to reach accurate results. The transfer matrix (numerical or exact) is reached directly. When the transfer matrix is rearranged in a new expression, stiffness matrix is derived consequently. Seeing that analytical solution is the limit of the numerical procedure proposed, exact derivations and expressions of transfer and stiffness matrices arise. Let us note that the algebraic system is extended to twenty four equations. This permits the generality of the statement of the problem.
